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We provide a “Dynamic Algorithm” to “dynamically” obtain both an approach of the splitting field

and the Galois group of a given separable polynomial from its universal decomposition algebra. In
fact, we try to answer

FIRST QUESTION: HOW TO APPROXIMATE THE SPLITTING FIELD SUCCESSFULLY ? I

Let’'s examine what the classical theory says about the splitting field of a separable polynomial f.

f(T) = T'—a,T" ' 4. . +(=1)a,, ackK

J(f) = <CL1 =i Xy = D iy XiXjy o an — [T X¢>
Udag ; = KX, .., Xo/T(f) = Kz, ... 0]

R = an ideal of relations of f : maximal ideal containing J(f)

Then we get (K, Udak ¢, S,,) is a Galois Algebra, |S,,| = dimg(Udax ),

(Udax ¢/R,Stab(R)) is a realization of (Split(f), Gal(f))
Some definitions

1. A family of nonzero idempotent elements {r,...,r,} C Udax; is said a Basic System of
Orthogonal Idempotents if > r, =1, r;r; =0, i # j.

2. An idempotent in Udak ;s is said a Galois’ idempotent when its orbit is a Basic System of
Orthogonal ldempotents.

3. Anideal 7 C Udak ; is said a Galois’ ideal if Z = (1 — e), with e Galois’ idempotent.
Hence, Udak /7 is said a Galois’ quotient.

Some properties
e ¢ ¢ Udag  is Galois’ idempotent <= dg minimal idempotent, such that

Gal(f) = Stabg, (¢g) C Stabg (e), e = > 0y,
o€Stabg,, (e) /Stabg,, (g)

<= dim(Udag ¢/ (1 —e)) = |Stabg,(e)]
o (K, Udak /T, Stabg,(e)) is a Galois Algebra, closer to (K, Split(f), Gal(f)).

ANSWER: By GALOIS QUOTIENTS
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‘ SECOND QUESTION: HOW TO GET GALOIS’ IDEALS ? I

Some properties
Let (B, GG) be a Galois Algebra. Given an idempotent e € B, Orbg(e) = {e, 02(e),...,or(e)}. Then

0

e Galois’ idempotent <= eg;(e) = { .

Idea!
Thus from Orbg(e), we compute the longest non-zero product

¢ = e ole) -y le)

such that

e' - oi(e) =0forall t #i;

and then ¢’ is a Galois’ idempotent.

ANSWER: BY ORBITS OF IDEMPOTENT ELEMENTS

The following algorithm provides both Galois’ idempotent and its stabilizer from an idempotent.

Input: B: Galois’ quotient, e € B: nonzero idempotent; G: finite group; S = Stab(e)
Output: ¢;: Galois’ idempotent ; H: Stab(e;) s.t. B/ (1 — e;) is a better Galois’ quotient.
Local variables : h € B; 0 € G; L C G.
Starte; «— e; L — [|;
for o in G/S do
# (/S denotes a list of left cosets ¢S for g in G.
h «— ejo(e);
if h=£0 then e¢; — h; L «— L e[o] end if;
end for
H < subgroup of GG defined by all o’s such that: Vo € L, ac € |, 7S.
End.

Algorithm 1: Algorithm fo computation of a Galois Idempotent and its Stabilizer.

‘ THIRD QUESTION: HOW TO GET IDEMPOTENT ELEMENTS ? I

Odd Elements An element z € B is said “odd” if it verifies at least one of these properties:

e its minimal polynomial # its resolvent,
e its resolvent factorizes,

e its minimal polynomial factorizes,

e it is a zero divisor.

Then, we know how to get an idempotent element from each of these “oddities”.

ANSWER: BY ODDITIES
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‘ DYNAMIC ALGORITHM I

Now we can say that we have a method to deal with our problem.
Given f(T') € K[T, the first step is to find an“odd” element =z € Udak ;.

Another point of view is the following: oddities may appear when you try to perform safe compu-
tations inside the unknown splitting field of f. When an “oddity appears”, we know how to take
advantage of it by improving the Galois’ quotient where the “oddity” is eliminated.

When we have on oddity, we compute a Galois idempotent ¢/, define a new Galois Algebra and
see what happens here.

Thus we are able to gradually compute Galois’ idempotents in order to best approximate the split-
ting field.
The z's elements are the interactive input in our algorithm.

Undynamic Input: f(T) € K|[T], J(f), S,
Dynamic Output: (B, G) Galois Algebra: approximation to splitting field and Galois group.
Local variables : ¢,¢/. 7, G, B
Start

B :=Udag ¢; G :=5,,7 :=J.

while we find odd elements in B do
Interactive Input: z € B,

if odd(z) then

e := idempotent(z);

e .= galois — idempotent(e);

T =T+ (1—¢€);

G = Stabg(€');

B :=B/Z;

end if

end while

Algorithm 2: Dynamic Algorithm for approaching ideal of relations.

All the algorithms described here have been programmed with Gap (Groups, Algorithms and Pro-
gramming) and Singular. More precisely, we use GAP and its package “singular’, a GAP interface
to the computer algebra system Singular for polynomial computations.

‘ DISCUSSION I

The computing of an ideal of relations of a separable polynomial is a big deal in computer algebra.
Here we show how to get closer to it.

You must realize that we don'’t fix any numeration of roots at the beginning of the process. While
the algorithm is being executed, we are getting some precision about a possible numeration of the
roots (is we know a field where the roots live).

Finally, we must say that the computing in quotients of polynomial rings requires Groebner basis
computations, another big task, not easy, in computer algebra.
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‘ EXAMPLE-DEGREE 7 I

f(T)=T"=2T% +27° + T3 - 31* + T — 1;
B = Uda(@,f = Q[$1,$2,$3, T4, X5, Tg, 377}, G = 87, I = j(f)

Interactive Input
Z = X¢+ T7;

min — pol(z) = (T7 —4T°%+5T° — T* — 3173 + 277 — 1)
(T7 — 4T°® + 6T° — 5T* + 1573 — 11T% + 6T — 1)-
(T7 — 4TC + 11T° — 14T* + 4T3 + 29T* — 63T + 49)

Oddities:
e Minimal polynomial factorizes.

= idempotent(z) =
1/1122% — 139/781adxd — 139/ 781z e’ + 100/ 78123x3 + 307 /781uded + 109/781a323 — 12/781a322 — 344/781ukzd —
344 /781 x3xd — 12/781x2x% + 92/781xxy + 81/781xjx? + 383/781xix3 + 81/781xixs + 92 /T81wews — 182/781x] —
145/781xgry — 101 /781xgx2 — 101/781x3x2 — 145/ 781x¢x — 182/781x5 + 271/781x¢ — 36 /781agx; — 164 /7815222 —
36/781z6xd + 27178124 — 111/781a + 442/781a2zy + 442/781wea? — 111/781a8 — 314/7 8122 — 317/781zear —
314/781a% — 129/781a6 — 129/781a7 + 644/781;

G = Stabg(e’) = Group([(1,3,5,7,6,4,2), (2,3)(4,5)(6,7)]) = Gal(f)
7T2: Transitive Group of order 14=7.2
T+{(1—-¢) = (xf—2x8+2x3+x3 —3xZ +x7— 1

11X6 X6X7 5X6X7 + 7X6X7 6x6x7 — 10X6X7 — XgX7 + 3X6—
X9 + 6x5 — 4x7 + 5x3 + x7 + 10x7 + 3,

11x5 + 11xg — X8 — 5x3 + Tx7 — 6x3 — 10x7 — x7 + 3,

11X4 — 5X6X7 + 7X6X7 2x6x7 8X6X7 ngg + 13xgx7 + TXg — 6X?+

11x3 + 5X6X7 7X6X7 + 2X6X7 + 8X6X7 + X6X7 — 13xgx7 — X6 — 2X7+
5x5 — 3x7 — X5 + 4x7 + 14x7 — 6,

11X2 + X6X7 3X6X7 + 5X6X7 5X6X7 + 6X6X7 Ixex7 + 10x6 + 5X7

11X1 — X6X7 + 3X6X7 5X6X7 + 5X6X7 6X6X7 + Ixex7 — 10x¢ + 4X7

= R
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‘ 1. EXAMPLE-DEGREE 8 I

f(T)=T% —8T7 + 16T° + 16T° — 90T* + 104T° — 24T? — 32T + 16;
B = Udag s = Q|x1, 22, x3, T4, Ts5, Tg, x7, 3], G :=Sg, T :=TJ(f).

Interactive Input
Z = X7+ Ig;
min — pol(z) = (T —2)- (T? —4T —8) - (T? — 4T — 4) - (T* — 813 + 20T? — 16T + 8)-
(T® — 1677 + 88T° — 176T° — 36T* + 41672 + 112T* — 800T + 100):-
(T® — 1677 + 88T° — 144T° — 356T* + 1696T° — 244877 + 1440T — 284)

Oddities:
e Minimal polynomial factorizes.
e Resolvent is not equal to minimal polynomial.

QM)

= idempotent(z) =

—791/50784x828 + 791/846495?952 + 791/8464x7x8 — 1409/25392x5x% — 599/1058x2x3 — 1409/25392357368 —

1273 /31742823 + 381 /10582324 + 381 /1058x2x3 — 1273 /3174328 + 4713 /84642522 4 1250 /5292323 — 610/158Tw s +
1250/529z8x3 + 4713/8464x2x8 — 791/12696251rs — 14047/42322322 — 1600/1587x3x3 — 1600/1587x3rs —
14047/4232x2x3 — 791/12696z72 — 2233/1269625 + 407/1058x5xs + 7075/4232x%x% — 18232/1587x3x3 +
7075/4232x2x8 + 407/1058z723 — 2233/1269625 + 1105/105823 — 877/3174x3xs + 8107/529x323 + 8107/529x2x3 —
877/3174x7x4 + 1105/1058z3 — 790/1587x% — 2408/1587x3xs — 88053 /42322222 — 2408/158Tx7x3 — 790/1587xd —
7798/1587x3 + 4621/2116x2x5 + 4621/211627202 — 7798 /1587x3 + 14027/21162% — 430/1587x7x8 + 14027/211623 —
1082/1587x7 — 1082/1587xs — 2566/1587;

G = Stabe(e') = Group([(1,2), (7,8), (5,6), (4,5), (3,4), (1,7,2,8)]); |G| =192 = 4.4.3.2.2

=T+ (1—¢) = (xg— 4wl — 422 + 1625 — 8, 7+ 23 — 322 — Tag + 8,
— dag 4 4af — 2,

T3 + 2206 + T5TE + 1f — 4ok — dwswe — 4w + 4oy + A,
xi + X425 + X426 + :E§ + x5T6 + :U% — 4y — 4drs — 4 + 4,
T3+ x4 + 25 + 26 — 4,
T3 — Tows + 3193 + T3 + 8xox8 — 372 — 1229 — 828 + 12,
T1 + 9 — X3 + 373 + 8wy — 12)

B :=B/IZ;

Interactive Input

Z = X7,

min — pol(z) = (T® — 8T7 — 327 + 32T° + 192T* — 128T% — 51277 + 512T + 256)-
(T® — 8T + 224T° — 832T* + 89612 — 512T + 256)

Oddities:
e Minimal polynomial factorizes.

e .= idempotent(z) = 1/822x3 — 3/8x2x2 — 1/4a¢xd — 3/4xkxs + 3/4xex? + 22 + 3 /2628 — 226 + 1/2;

G = Stabg(e”) = Group([(1,7)(2,8), (4,5), (1,2)(3,5)(4,6)(7,8), (1,2)(3,4)(5,6)(7,8)])
= Gal(f) : non transitive group of order 16 = 4.2.2

T+(1-¢€") = (x§—4x3 —4x2 +16x3 — 8, x7 +x3 — 3xZ — Txs + 8
2X§+—X§—{—3X§—4X6+6X8—8,
2x32 + x5 — 3x3 — 4x5 — 6x5 + 8,
X4+ X5 — 2, X3+ Xg — 2, Xg — Xg + 3x2 + Txg — 10, x;1 + Xg — 2)
= R
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