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Separation theorems

Suppose we start at a point � in the interior of a located subset C of a normed
space X and move linearly towards a point z in the metric complement of C:
Are we able to tell when we are crossing the boundary

@C = C \ �C

of C?

In general, the constructive answer is no. However, our geometric intuition
suggests that when C is convex, we might succeed in pinpointing boundary
crossing points.



Proposition: Let C be an open convex subset of a Banach space X such that
C [�C is dense in X, and let � 2 C. For each z 2 �C and each t 2 [0; 1]
write

zt � t� + (1� t) z:

Then

(i) (�; z) � inf ft 2 [0; 1] : zt 2 Cg exists, and 0 < (�; z) < 1;

(ii) z(�;z) is the unique intersection of the segment [�; z] with @C;

(iii) if (�; z) < t 6 1, then zt 2 C; and

(iv) if 06 t < (�; z), then zt 2 �C.



Moreover, the mapping (�; z)  z(�;z) of C � �C into @C is continuous
at each point of C ��C.

For �xed � 2 C; we call the mapping z  z(�;z) in the foregoing proposition
the boundary crossing map of C relative to �.



A subset C of a vector space X over K is called a cone if for all x; y 2 C and
all t > 0; both x+ y and tx belong to C:

In that case, C is convex.

The closure of a cone is a cone, as is the intersection of two cones.



If K is a convex subset of X; then the set

c(K) = ftx : x 2 K; t > 0g

is a cone, the cone generated by the convex set K:

If X is a normed space and K is open, then so is c(K).

If K is a bounded, located, convex subset of X such that �(0;K) > 0, then
c(K) is located.



A linear subset H of a normed space X is called a hyperplane if there exist
an associated vector x0 2 X and a positive number c such that

B kx� x0k > c for each x 2 H; and

B each x 2 X is represented (uniquely) in the form x = tx0+y with t 2 K
and y 2 H.

The kernel, ker(u) = u�1 (0), of a nonzero bounded linear functional on X
is a hyperplane.

Proposition: Let X be a normed space, and H a hyperplane in X
with associated vector x0. Then there exists a unique bounded linear
functional u on X such that ker u = H and u(x0) = 1.



A half space of a normed space X is a convex subset K such that @K is a
hyperplane and the set

fx 2 X : x 2 K _ �x 2 Kg

is dense in X.

We are now ready for the basic separation theorem:

Let X be a separable normed space, K0 a bounded, located, open,
convex subset of X such that �(0;K0) > 0, and x0 a point of X
such that �x0 2 K0: Then there exists an open half-space K of X
such that K0 � K, �(x0;K) > 0, and @K is a located subspace of
X that is a hyperplane with associated vector x0.



The proof illustrates an important observation about classical proofs using
Zorn�s lemma): for separable spaces it is often possible to replace such a proof
by a constructive one that uses an induction argument.

The basic idea of the constructive proof is this. Given a dense sequence
(xn)n>1 in X, carry out a succession of located convex enlargements of K0
such that for n > 1;

B the cone generated by the nth enlargement Kn is close to at least one of
the points xn and �xn; and

B the union of the cones c(Kn) is the desired open half-space.

The idea may seem simple, but the details are very complicated.



The full separation theorem:

Let A and B be bounded convex subsets of a separable normed space
X such that the algebraic di¤erence

fy � x : x 2 X; y 2 Bg

is located and the mutual distance

d � inf fky � xk : x 2 A; y 2 Bg

is positive. Then for each " > 0 there exists a normed linear functional
u on X, with norm 1, such that

Reu(y) > Reu(x) + d� "

for all x 2 A and y 2 B.



Corollary: Let x be an element of a nontrivial separable normed
space X, and let " > 0. Then there exists a normed linear functional
u on X such that kuk = 1 and u(x) > kxk � ".

Proof: If x 6= 0; apply the separation theorem with A = f0g and B = fxg :

In the general case, choose a nonzero vector y such that kx� yk < "=2;

and construct a normed linear functional u on X such that kuk = 1 and
u(y) > kyk � "=2: Then

u(x) > u(y)� ju(x)� u(y)j > kyk � "

2
� kx� yk > kxk � ":



The previous proposition is used in the proof of the Hahn�Banach theorem:

Let v be a nonzero bounded linear functional on a linear subset Y of
a separable normed linear space X such that ker v is located in X.
Then for each " > 0 there exists a normed linear functional u on X
such that kuk < kvk+ " and u(y) = v(y) for each y 2 Y .

In the constructive context we deal only with the extension of linear functionals
on subspaces of a separable normed space. The standard classical proofs ex-
tending the theorem to nonseparable normed spaces depend on Zorn�s lemma
and are therefore nonconstructive.



In RUSS there is an example where it is impossible to obtain an extended
linear function u such that kuk = kvk.

Ishihara has shown that such an extension can be found when the norm function
on X is Gâteaux di¤erentiable.



The Hahn�Banach theorem has some surprising applications, like the following
(whose classical proof is almost trivial).

Proposition: Let x1; : : : ; xn be elements of an in�nite-dimensional
normed space X, and let " > 0. Then there exist linearly independent
elements e1; : : : ; en of X such that kxk � ekk < " for each k.

Proof: First construct a �nite-dimensional subspace V of span fx1; : : : ; xng
such that for each i there exists yi 2 V with kxi � yik < "=2. Embed V in
an n-dimensional subspace W of X.

WLOG y1 6= 0. Set e1 � y1.



Suppose we have found e1; : : : ; ek in W such that kyi � eik < "=2 for 1 6
i 6 k < n. Let Vk � span fe1; : : : ; ekg :

Construct a normed linear functional u on W such that u (Vk) = f0g and
kuk = 1.

Pick z 2W such that kzk = "=2 and u(z) > "=3.

If u
�
yk+1

�
6= 0, then �

�
yk+1; Vk

�
> 0 and we set ek+1 � yk+1.

If u
�
yk+1

�
< "=3, then u(yk+1 � z) 6= 0; �

�
yk+1 � z; Vk

�
> 0, and we set

ek+1 � yk+1 � z.



Locally Convex Spaces

A locally convex space consists of a linear space X over K; a family (pi)i2I
of seminorms on X; and the equality and compatible inequality de�ned by

x = y () 8i2I (pi (x� y) = 0) ;
x 6= y () 9i2I (pi (x� y) > 0) :

The corresponding locally convex topology on X is the family �X of all
subsets of X that are unions of sets of the form

U(a; F; ") =

8<:x 2 X :
X
i2F

pi (x� a) < "

9=;
where a 2 X; F is an inhabited �nitely enumerable subset of I; and " > 0:



With natural modi�cations, we can extend notions from normed to locally
convex spaces.

For example, a subset S of the locally convex space
�
X; (pi)i2I

�
is said to be

located (in X) if

inf

8<:X
i2F

pi (x� y) : y 2 S

9=;
exists for each x 2 X and each �nitely enumerable subset F of I:



Consider the linear space B(X;Y ) of all bounded linear mappings between the
locally convex spaces X and Y .

This set becomes a locally convex space when endowed with the seminorms
px de�ned by

px(T ) = kTxk (x 2 X; T 2 B(X;Y )) :

We denote the unit ball of B(X;Y ) by B1 (X;Y ) or just B1: When X = Y;

we usually write B(X) and B1(X) rather than B(X;Y ) and B1(X;Y ).



In the special case where Y is the ground �eld K; we obtain the space of all
bounded linear functionals on X; this space is called the dual of X; and is
denoted by X�; its unit ball is denoted by X�1 : The topology associated with
the family of seminorms (px)x2X on X� is called the weak� topology on
X�.

When we are dealing with, for example, total boundedness relative to the locally
convex structure on X�; we speak of weak�-total boundedness.



Banach�Alaoglu theorem: If X is a separable normed space, then
X�1 is weak

�-complete and weak�-totally bounded.

It is straightforward to prove the weak�-completeness of X�1 .

Weak�-total boundedness of X�1 is a lot trickier to establish; we sketch the
ideas.



Let F = fx1; : : : ; xmg be a �nitely enumerable subset of X; let

M > 4 + max fkxik : 1 6 i 6 mg ;
and let 0 < " < 1.

Construct a �nite-dimensional subspace X0 of X such that for 1 6 i 6 m;
� (xi; X0) < "=m and therefore there exists yi 2 X0 with kxi � yik < "=m.

If X0 = f0g, then life is easy. So we assume that X0 has positive dimension.
Then every element of X�0 is normed, and X

�
0 ; taken with the operator norm,

is a �nite-dimensional Banach space. Hence its unit ball is compact relative to
the operator norm.

Each nonzero element of X�0 has its kernel located in X0; since X0 is locally
compact, this kernel is locally compact and hence is located in the space X.
It follows that the Hahn�Banach theorem can be applied to extend nonzero
bounded linear functionals from X0 to X.



Let
n
u01; : : : ; u

0
n

o
be an "=m-approximation to the unit ball of X�0 in the

operator norm, such that 0 <
u0k < 1 for each k.

Use the Hahn�Banach theorem to construct normed linear functionals u1; : : : ; un
in X�1 such that uk(x) = u

0
k(x) for each x 2 X0 and each k.

Given u 2 X�1 , we can �nd k such that
���u(x)� u0k(x)��� < "=m for all x 2 X0

with kxk 6 1. Then
mX
i=1

ju(xi)� uk(xi)j < M":

Thus fu1; : : : ; ung is an M"-approximation to X�1 relative to F .



This technique of cutting down to a �nite-dimensional subspace and then ap-
plying the Hahn-Banach theorem is fundamental in the constructive theory of
duality.

Let X be a normed space. For a �xed vector x 2 X; the linear functional
u u(x) on X� is weak�-uniformly continuous on X�1 .

Any element of X�� (the dual of X�) that is uniformly continuous on X�1 can
be approximated arbitrarily closely by functionals of this special form.

Proposition: Let X be a separable normed space, and � a linear
function on X� that is weak�-uniformly continuous on the unit ball
X�1 . Then for each " > 0 there exists x 2 X such that kxk < 3 k�k
and

j�(u)� u(x)j < " (u 2 X�1) :



If X is complete, then this approximation can be made exact.

Theorem: Let X be a separable Banach space, and � a linear func-
tional on X� that is weak�-uniformly continuous on X�1 . Then there
exists x 2 X such that �(u) = u(x) for each u 2 X�.



Proof: We may assume that k�k < 1: Recursively applying the preceding
proposition, construct a sequence (xn)n>1 of vectors in X such that for each
n; �������(u)�

nX
k=1

u(xk)

������ < 1

2n
(u 2 X�1)

and kxnk < 3=2n�1:

The series
1P
n=1

xn then converges to an element x of the complete space X.

Using the linearity and continuity of u, and letting n �!1 in (??), we obtain
the desired conclusion.



Let H be a nontrivial Hilbert space. One of the topologies on B(H) that is
important in operator-algebra theory is the weak-operator topology �w: the
locally convex topology de�ned by the seminorms of the form T  jhTx; yij
with x; y in H.

Classically, the sets of the type8<:T 2 B(H) :
nX

i;j=1

���DTei; ejE��� < �
9=; ;

with � > 0 and fe1; : : : ; eng a set of pairwise orthogonal unit vectors in H;
form a base of weak-operator neighbourhoods of 0 in B(H).

This is not the case constructively. However, it is constructively provable that
the sets of the stated type form a base of weak-operator neighbourhoods of 0
in the unit ball B1(H).



Proposition: The unit ball B1(H) of B(H) is �w-totally bounded.

Proof: Let fe1; : : : ; eng be a �nite set of pairwise orthogonal unit vectors
generating a �nite-dimensional subspace H0 of H. It will su¢ ce to prove that
B1(H) is totally bounded with respect to the seminorm

pjk : T  
nX

j;k=1

���DTej; ekE��� :
Let P be the projection of H on H0. Then B(H0) is a �nite-dimensional Ba-
nach space, and hence has a totally bounded unit ball, relative to the operator
norm. Let

n
T 01 ; : : : ; T

0
m

o
be an "=n2-approximation to B1(H0); and consider

any T 2 B1(H).



The restriction (PT )0 of PT to H0 belongs to B1(H0); so there exists i such
that

(PT )0 � T 0i  < "=n2: Also, T 0i P 2 B1(H): Thus if 1 6 j; k 6 n;

then���D�T � T 0i P� ej; ekE��� = ���D�T � T 0i � ej; P ekE��� = ���DP �T � T 0i � ej; ekE���
=
���D�(PT )0 � T 0i � ej; ekE��� 6 (PT )0 � T 0i  < "

n2
:

Hence
nP

j;k=1

���D�T � T 0i P� ej; ekE��� < ": We now see that
n
T 01P; : : : ; T

0
mP

o
is an "-approximation to B1(H) relative to the seminorm pjk.



Classically, a linear functional � on B(H) is �w-continuous if and only if it has
the following special continuity property.

SC: There exist � > 0 and a set fe1; : : : ; eng of pairwise orthogonal
unit vectors inH such that for each T 2 B(H), if

nP
i;j=1

���DTei; ejE��� <
�, then j�(T )j < 1.

Constructively, techniques like those used to characterise the linear functionals
on a dual space that are weak�-uniformly continuous on the unit ball of the
dual enable us to prove the



Proposition: Let H be a nontrivial Hilbert space, and let � be
a linear functional on B(H) with the property SC. Then for each
" > 0 there exist a �nite set fe1; : : : ; eng of pairwise orthogonal
unit vectors in H and elements cjk (1 6 j; k 6 n) of K, such that�������(T )�

nX
j;k=1

cjk
D
Tej; ek

E������ < "
for all T 2 B1(H).
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